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Abstract

This study examines the effects of the government debt-to-GDP ratio on welfare in the
Iranian economy. Because of limited access to loans in Iran, the analysis employs an
incomplete-markets model based on Aiyagari’s heterogeneous-agent framework. In
addition to idiosyncratic wage risk, households face both budget and borrowing
constraints. Given that the Iran’s economy faces both high inflation and borrowing
constraints, Iranian households prefer to hold assets such as gold, land, and term deposits,
besides government debt and physical capital, for precautionary savings purposes.
Therefore, this study incorporates the above-mentioned assets in the model. The model is
solved numerically using the finite element method (FEM). The results show that the
optimal quantity of debt is significantly negative according to the welfare criteria, and the
welfare gain from moving to the optimum is 2.66% of per capita consumption, which is
not negligible. As a result, the negative role that debt plays in the model (crowding out
private capital) is more than the positive role of enhancing liquidity, and private sector
spending should replace government spending. It is optimal for the government to
accumulate assets in the long run so that all government expenditures are financed by the
interest income earned on private assets. Furthermore, if excessive holding of assets is
restricted through policies such as imposing taxes on holding assets and developing
financial markets, the welfare loss of maintaining the current level of debt instead of the
optimal quantity will decrease.

Keywords: finite element method, government debt, heterogeneous agent models,
incomplete markets, precautionary saving, self-insurance.
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Introduction

The notion of “fiscal sustainability” pertains to fluctuations in public debt. The
debt rule, introduced by the International Monetary Fund (IMF) in 2009 as the
debt-to-GDP ratio, establishes a benchmark or ceiling on government debt as a
share of GDP. It is widely regarded as a crucial determinant of economic well-
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being and a core element of government fiscal sustainability (Kordbacheh, 2018:
25).

According to 2021 statistics, the highest government debt' ratio was 262.5%
(Japan), followed by Venezuela at 241%. For Iran the ratio stood at 41.5%.
Moreover, the IMF reported central government debt-to-GDP ratios for Iran of
39.5% in 2020 and 42.4% in 20217

Several studies have calculated the optimal debt ratio on the basis of its
welfare effects, employing models characterized by heterogeneous agents and
incomplete markets. Household saving behavior is shaped by precautionary
motives and borrowing constraints. In such models, individuals usually face
income fluctuations due to idiosyncratic shocks. The environment of complete
markets and so-called Arrow—Debreu or Debreu models provide full access to
insurance markets, including lending and borrowing markets for households to
smooth their consumption. Moreover, agents fully insure themselves against
income risks through insurance markets (i.e., external insurance or insurance by
another). But in incomplete market models, the loan and insurance markets are
assumed to be eliminated, so the only option for individuals to deal with income
fluctuations is self-insurance by holding a single risk-free asset such as fiat money,
credit (including inside money, government bonds, private IOUs, bank deposits,
etc.), and capital.

In the studies conducted in the framework of precautionary savings models,
government debts play a different role compared to the standard representative-
agent growth model. In other words, government debt appears in the form of an
asset as precautionary savings, reducing borrowing constraints and smoothing
consumption over time. Besides, government debt causes capital to be crowded
out, which then decreases production and consumption (Aiyagari and McGrattan,
1994: 448, 465).

Quantitative analysis by Aiyagari and McGrattan (1994) showed that the
effects of crowding out for welfare are unavoidable and the welfare benefit of
reducing the current level of debt to its optimal level is high in US (i.e., about 4%
of consumption). In a similar study, Aiyagari and McGrattan (1998) showed that
the optimal level of debt is not different from the current level in US, and the
welfare benefits of being at the optimal level of debt instead of the current level
are insignificant. Flodén (2001) also found in the context of such models that if
transfer payments are less than the optimal level, debt will increase welfare. But,

I It may indicate general government debt.
2, Retrieved from https://tradingeconomics.com/.


https://tradingeconomics.com/

Optimum Public Debt in Iran... 638

if transfers are optimal, the positive effects of public debt will disappear. Indeed,
transfer payments usually reduce inequality by changing the distribution of
resources between households. However, the taxes required to finance these
transfers distort labor supply and savings. He calculated the welfare gains of
moving from the benchmark debt ratio to the optimal ratio, which will be 3.4% of
consumption. Nakajima and Takahashi (2017) also analyzed the effect of
government debt on welfare. They showed the welfare loss of maintaining current
level of debt instead of the optimal quantity is 0.19% of consumption in Japan.
They revealed that increasing government assets would decrease taxes and
improve welfare. By decomposing the welfare gain obtained by increasing
government, they found that most of the welfare gain arises from an increase in the
average level of consumption instead of reductions in the uncertainty and
inequality faced by households (as quoted by Nakajima and Takahashi, 2022).
Overall, the importance of the debt issue is undeniable. Based on the latest
information derived from internal reports!, Iran’s government liabilities for interest
and principal payments on government securities have resulted in an increase in
the ratio of government and government-owned corporation debt to GDP and the
ratio of the need for gross government financing to GDP surpassing the sensitivity
threshold and limits specified in Article 8 of the Sixth Development Plan Law of
Iran’. As a result, the government budget is becoming increasingly reliant on
financing via the issuance of bonds. The study by Fathalizadeh (2016) also
indicates financial instability in Iran. Yet few studies have examined the Iranian
economy in this context. Therefore, the purpose of the present study is to address
the issue of debt in this regard and calculate its optimal quantity for the Iranian
economy. As Khosravi, Azarbayjani, and Nadri (2018) pointed out, limited access
to loans 1s one of the factors affecting high savings in Iran, and this type of savings
is referred to as precautionary savings. In the study by Hoseiny et al. (2018), the
incompleteness of markets in Iran has been mentioned due to the limited credit
markets and the lack of unemployment insurance coverage. Therefore, the
borrowing constraint in Iran should be considered a serious limitation in household
behaviour. Using household budget data, Einian (2015) has also shown that from

I, For 2015, 2016, and 2017, the Government Assets and Liabilities Management Center of Iran
computed the government sector debt ratios as 39.0, 44.6, and 35.7% of GDP, respectively. The
ratio is estimated by the Parliament Research Center of Iran to be approximately 48 and 53% for
the years 2019 and 2020, respectively, based on data from the Central Bank of Iran and about 34
and 37% based on the Statistical Centre of Iran, respectively.

2, Maintaining the government and government-owned corporations’ debt ratio to GDP at a
maximum level of 40%.
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1985 to 2015, more than 20% of Iranian households have never received any loan.
According to this evidence, despite the high growth of the money supply (M2),
Iran's economy is limited in borrowing. Hence, the focus of this study is on the
government debt and the incompleteness of markets in the real world, to examine
more precisely the effects of debt on the economy. Therefore, the outcome of its
impact in the framework of precautionary savings models, considering the specific
conditions of Iran’s economy, has been investigated using the finite element
method (FEM)!. As a result, the model is calibrated, and based on evaluating the
welfare effects of debt, the optimal quantity of government debt has been examined
in different cases.

The remainder of this paper is structured as follows. The next section
describes the literature review. The model is presented in the section 3. Section 4
calibrates the model to the Iranian economy. The results and the robustness of the
results are presented in Sections 5 and 6, respectively. Finally, concluding remarks
are presented in Section 7.

Literature Review

According to the Keynesian view, as consumers are myopic and base their
decisions on current income, they perceive government debt as a form of net wealth
and increase their consumption when government taxes are reduced. In the short
run, it raises demand for goods and services, leading to corresponding increases in
production and employment levels. However, in the long run, as investors compete
for a smaller pool of savings, interest rates increase, which in turn discourages
investment. Over time, the stock of capital goods and national production are both
negatively affected by the reduction in national saving caused by tax cuts
(Abbasian and Nouri, 2007). The consequences of government debt are not
therefore explicable through a linear trend. Indeed, in this view, government debt
primarily has a positive impact on economic growth to some extent and
subsequently it has a negative effect. These effects are explained by the Laffer
curve (Mousavinik and Bagheripormehr, 2019).

I, Solving a functional equation is an essential step in many economic problems. Typically, the goal
is to find decision functions that satisfy Euler's conditions or a value function that satisfies
Bellman's equation. However, in many cases (such as nonlinear problems), it is not possible to
derive analytical solutions for these functions, and it is required to use numerical methods, such as
weighted residual and finite element methods (McGrattan, 1999). In addition, McGrattan (1996)
showed that the algorithm for solving functional equations is fast and accurate, whereas the
iterations of the value function require much more time.
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Barro (1974) argues that the private sector’s valuation of government bonds
as net wealth is essential for illustrating the consequences of fluctuations in the
public debt stock. An increase in government debt will raise net wealth in the
presence of imperfect private capital markets if either the government
intermediates loans more efficiently than the private market or it has monopoly
power to provide “liquidity services” of bonds. In contrast, with respect to the tax
obligations and risk associated with debt financing and government debt, an
increase in the stock of government bonds may augment the overall risk of the
household balance sheet, consequently leading to a decline in household wealth
(Barro, 1974). Thus, there is disagreement among various economic schools about
the positive impact of debt or its negative impact, and there is even debate among
debt proponents about its extent. It is noteworthy that there is no set threshold for
debt, and it will alter as economic, social, and political conditions change. Also,
the combination of debts and bond buyers can affect this threshold. Therefore,
several factors including economic growth, operational plan, and debt buyer
(domestic or foreign) affect the vulnerability of any economy to the amount of debt
(Ministry of Economic Affairs and Finance, 2016).

In recent years, there has been a growing body of literature that seeks to re-
examine significant macroeconomic questions using models with heterogeneous
agents. Models in the literature commonly assume the presence of idiosyncratic
shocks to individuals' income, along with incomplete markets and borrowing
constraints. Therefore, some studies in the economic literature have calculated the
optimal debt ratio based on the welfare effect of government debt and have used
models in which the analyzed space has these two characteristics (heterogeneous
agents and incomplete markets). Aiyagari (1994) showed that in an economy
where there are borrowing constraints, meaning the market does not allow
households to borrow as much as they need, precautionary saving will result.
Household saving behavior is affected by precautionary saving and borrowing
constraints. Additionally, in such models, individuals face income fluctuations due
to “idiosyncratic shocks”. The term “idiosyncratic risk” refers to a risk that does
not affect the overall distribution of assets and only leads to the reshuffling of
individuals within the asset distribution. Thus, agents are heterogeneous in terms
of income and consumption processes. In contrast to representative-agent models,
in which all individuals experience the same income realization and therefore the
same consumption path and are homogeneous in this respect.

The environment of complete markets and so-called Arrow—Debreu or
Debreu models provide full access to insurance markets, including lending and
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borrowing markets for households to smooth their consumption. Moreover, agents
fully insure themselves against income risks through insurance markets (external
insurance or insurance by another). But in incomplete market models, the loan and
insurance markets are assumed to be absent, so the only option for individuals to
deal with income fluctuations is self-insurance by holding a single risk-free asset
such as fiat money, credit (including inside money, government bonds, private
I0Us, bank deposits, etc.), and capital. According to Huggett and Ospina (2000),
the “excessive” accumulation of assets can be considered as aggregate
precautionary saving of the economy (Ljungqvist and Sargent, 2018: 820), and
such models are called Bewley models (Hosseini, 2013: 225). In Bewley-type
models, the income of all households is considered the same at first. Then, over
time, according to the different shocks that each household perceives, the wealth
and income of individuals will differ.

There are several Bewley models in which a continuum of agents has an
identical saving problem, and their behavior produces an asset demand function.
The models are (1) Aiyagari’s (1994; 1995) model: the asset is physical capital or
private IOUs, and the net supply of the asset is available with physical capital; (2)
Huggett’s model (1993): the asset is private IOUs, and available in zero net supply;
(3) Bewley’s model of fiat currency; (4) modified Bewley’s model: permitting an
inflation tax; and (5) modified Bewley’s model: paying interest on currency
through deflation (Ljungqvist and Sargent, 2018: 806).

In the studies conducted in the framework of precautionary saving models,
models in which government debt plays a different role compared to the standard
representative-agent growth model take into account the cost-benefit trade-offs. In
other words, government debt appears in the form of an asset as precautionary
saving, and increases household liquidity, reducing borrowing constraints and
smoothing consumption over time (liquidity-enhancing effect). Conversely,
government debt causes capital to be crowded out, which then decreases
production and consumption (capital crowding-out effect). Based on this approach,
if debt smooths consumption over an agent's lifetime, the optimal level of debt will
be high. If it crowds out capital, thereby reducing consumption, it will be low
(Aiyagari and McGrattan, 1994: 448, 465). Studies have been conducted on the
optimal quantity of debt in Iran and other countries, some of which are mentioned
in Table 1.



Table 1. Studies Conducted on the Optimal Debt Level in Iran and Other Countries

Author & Year

Title

Approach

Risk-Free Assets

Main Findings/Outcome

A growth model with uninsured

The effects of crowding out for welfare are unavoidable. The optimal level of

Aiyagari and o . . . . .
. . idiosyncratic shocks [an Capital and the US government debt is approximately —2.5 times GNP, and the welfare

1(\;[;;};)3 ttan The Optimum Quantity of Debt augmented version of the model Government Debt  benefit of reducing the current level of debt to its optimal level is high (about
in Aiyagari (1994)] 4% of consumption).

Aiyagari and il?li%rsovgzlrlartrilgcslﬁgzﬁzh[;Ilnnsured Canital and The optimal level of debt is not different from the current level in the United

McGrattan The Optimum Quantity of Debt Y . P States, and the welfare benefits of being at the optimal level of debt instead of
augmented version of the model Government Debt L

(1998) .o . the current level are insignificant.
in Aiyagari (1994)]
An Aiyagari (1994)-style If transfer payments are less than the optimal level, debt will increase welfare.

. = . . . . _ 0 .
Flodén (2001) The Effectiveness of Government heterogeneous agent and Capital and The optimal quantity of debt is —100% of GDP in the US.

Debt and Transfers as Insurance

incomplete markets model

Government Debt

The welfare gains of moving from the benchmark debt ratio (67% of GDP) to
the optimal ratio (—100%), is 3.4% of consumption.

Nakajima and
Takahashi
(2017)

The Optimum Quantity of Debt
for Japan

An Aiyagari (1994)-style
heterogeneous agent and
incomplete markets model

Capital and
Government Debt

The optimum government debt ratio is —0.5 in Japan.

Welfare loss of maintaining the current level of debt (130%) instead of the
optimal quantity is 0.19% of consumption in Japan.

Increasing government assets decrease taxes and improve welfare.

Mousavinik and

Constructing Government Time
Series Debts and Estimating the
Optimal Ratio of Government

The Smooth Transition

The extracted optimal government's debt ratio is 19 percent.
The calculated financial space based on two ways (the highest government debt

Bageripormehr Debt to Gross Domestic Product Regression Approach - ratio has been egperlenced and the ratio of govevmment fiebt that leads to
(2019) and Financial Space in Iran negative economic growth) shows the government's financial space to create
P debt will be around 30 to 32% of the debt-to-GDP ratio.
Economy
Japan’s optimal net government debt to GDP ratio depends on the two
TheOpimum Quaniyof D Extended ity Gene
Okamoto (2022) for an Aging Japan: Welfare and  Equilibrium Model with - > pPob point, P ’

Demographic Dynamics

Endogenous Fertility

ratio of 220% (or 230%) approximately from 2045 to 2150. Since, one policy
instrument cannot achieve two policy goals, it may be better to improve per-
capita welfare by reducing debt ratio.
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As observed, the studies that have used the Aiyagari (1994)-style model to
calculate the optimal level of debt have considered capital and government debt as
risk-free assets. However, in contrast to other countries in the world, due to the
high inflation in Iran’s economy and the lack of taxation on assets, Iranian
households prefer to hold some assets such as gold, land, and term deposits for
precautionary saving. Therefore, these assets are also included as risk-free assets
in the model, in addition to capital and government debt.

Model
Since there is no set threshold for debt, and it will change as economic, social, and
political conditions change, it is necessary to choose an appropriate model to
examine this issue for the economic conditions of Iran. As mentioned, according
to studies conducted by Khosravi, Azarbayjani, and Nadri (2018), Hoseiny et al.
(2018), and Einian (2015) in Iran’s economy, despite the high growth of money
supply (M2), households face limited access to loans, which is one of the effective
factors in high saving in Iran. This constraint is referred to as borrowing constraint
in economic literature, and the resulting saving is known as precautionary saving.
Therefore, the analysis presented here is based on an Aiyagari (1994)-style
heterogeneous agent and incomplete markets model. Since such a model is a
general equilibrium version of Bewley's model, the model is also called the Bewley
model or Bewley-Aiyagari model. Households face idiosyncratic wage risk and
are budget- and borrowing-constrained. Labor supply is endogenous. Some
researchers (e.g., Aiyagari and McGrattan, 1994; 1998) using the same framework,
analyzed the welfare effects of government debt in the United States, Japan, etc.
After choosing a model in accordance with the prevailing conditions in Iran’s
economy, we extended their models by incorporating other assets (in addition to
capital and debt) that Iranian households use for precautionary saving, including
precious metals (gold and gold coins), land, and term deposits. Regarding the
treatment of debt as net wealth, studies examining the validity of the Ricardian
equivalence hypothesis in Iran’s economy have been reviewed. With the exception
of those by Samadi (2006) and Hafezi and Amir Yousefi (2008), the research
conducted by Abbasian and Nouri (2007), Farzinvash and Farahbakhsh (2011),
Zamanzadeh et al. (2013), Jafari Yansari (2015), Jeyhoontabar (2016), Sadeghi
Shahedani et al. (2020), and Goudarzi Farahani et al. (2020) indicates rejection of
this hypothesis in Iran. This means that consumers perceive government debt as
net wealth and, by increasing it, enhance their consumption.
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As Ljungqvist and Sargent (2018) have pointed out, the tools for formulating
the models are: (1) using discrete-state discounted dynamic programming, to
construct and solve problems of the individuals, and (2) using Markov chains to
compute an invariant wealth distribution. The models produce an invariant wealth
distribution that is determined concurrently with various aggregates that are
defined as means across corresponding individual-level variables.

Firms
A representative firm hires two factors of production, physical capital and labor,
to produce a single good. The neoclassical aggregate production function is:

Y, = F(K, 2, Ny) (1)
Y, = K (z:N)' ™° 2)
where Y is per capita output, K; is per capita capital stock, N; is per capita effective
labor force, 6 € (0,1) is the capital's share of output, and z, is labor-augmenting
productivity in the time period ¢. Productivity grows at a constant rate of g or z; =
z(1 + g)%; assuming the product and factor markets are competitive, the wage rate

w;, and the interest rate 1 are given by:

1y = Fi (K, zeN) — 6 (3)
wy = 7. F,(Ky, ¢ N) 4)
then,
Y,
= 0Kz ) — 5= 0—— 6 )
K.
(6)

Y,
w, = (1-0)z, KN = (1 - e)ﬁt

where 6 € (0, 1) is the capital depreciation rate. A proportional tax imposed on the
labor and interest income (on assets) is denoted by 7,,. The after-tax wage w;, and
the interest rate 7 are given by:

F=(1-1,)F(K,2zN)—8) = (1—1,)r (7)
we = (1 —1y)2F5(Kp, 2eN) = (1 — 1y)w, (®)
Households

There is a continuum of infinitely-lived households, and the total measure of agents
is normalized to one. They face idiosyncratic shocks to their labor productivities
(which differ in their labor productivity), and they are in each period subject to
idiosyncratic productivity shocks. Indeed, agents are ex-ante identical but ex-post
heterogeneous due to a random income process. An individual’s labor productivity
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is denoted by e, and it is assumed that it is i.i.d! across agents. The productivity
process is a finite state Markov chain, e € {ey, ..., e;,}. To obtain the Markov chain,
an AR(1) process, Ine, = plne,_; + &, &~N(0,02), is approximated by
Tauchen (1986)’s method (due to estimated persistence of idiosyncratic
productivity)?. The income process is normalized to unity so that E(e,) = 1. The
transition probability from state i to state j is given by m;;,i,j = 1,...,m. All
households face identical productivity stochastic process. It is also assumed that
there are no aggregate shocks.

Let ¢, l;, a; denoting an individual’s consumption and leisure time in the
period 7, and an individual’s assets at the origin of the period ¢, respectively. The
time endowment for the household is normalized to 1. Households are identical in
(Ctnl,_}_n)(l_”)

a-w 7
where p is the relative risk aversion coefficient, and 7 is the preferences parameter

their preferences, and the instantaneous utility function is specified as

(the share of consumption). The a, and e, are assets and productivity shock at time
to. The consumer, to maximize the discounted utilities subject to the constraints,
chooses stochastic processes for consumption, labor hours, and asset holdings.
Agents are budget- and borrowing-constrained (that is, net financial wealth cannot
be negative, a; = 0) and do not have access to private insurance markets.
Therefore, asset markets are incomplete, and due to the precautionary motives and
borrowing constraints, the consumer will hold assets to buffer earnings shocks.
According to the specific conditions of Iran’s economy, there are five risk-free
assets, including physical capital (K;), government debt (B;), precious metals
(PRMTL,), land (LAND,), and term deposits (TD;) in the model and households
use savings to self-insure against idiosyncratic wage risk. Then, A; denotes per

!, Independent and Identically Distributed

2, The finite-state Markov chain approximation methods developed by Tauchen (1986) and Tauchen
and Hussey (1991) are widely used in solving functional equations where the state variables follow
AR processes. The set of integral equations derived from nonlinear dynamic macroeconomics and
asset pricing models often does not admit explicit solutions. Therefore, an effective tool to reduce
the complexity of the problem is discrete-valued approximations. The Markov-chain approximation
methods choose discrete values for the state variables and make transition probabilities such that
the characteristics of the generated process mimic those of the underlying processes. However, for
highly persistent autoregressive (AR) processes or processes with characteristic roots close to unity,
both Tauchen (1986) and Tauchen and Hussey (1991) pointed out that these methods do not work
well. Although that type of approach can generate a better approximation with a finer state space,
it is not always feasible. Given the prevalence of highly persistent shocks in dynamic
macroeconomic models, a new research interest was sparked, and Rouwenhorst (1995) proposed a
Markov-chain approximation of an AR(1) process constructed by targeting its first two conditional
moments for strongly autocorrelated processes (as cited in Gospodinov and Lkhagvasuren, 2011).
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capita assets held by consumers, and indeed, the asset market equilibrium
condition is defined by:

Ay = K; + By + PRMTL; + LAND; + TD; 9
Also, the labor market clear condition is defined as:
N == Eet(l - ’gt)

The optimization problem for households is written follows:
(Ct 31 ’7)(1 W

ma ag, € 10
{Ctv[t:aiil} |20, €0 (10)
subjectto c¢; + Apyq < (1 + r)at +wiee(1—4,) + TR, — T, (11)
CtZOJOS’gtS1;at20;t20 (12)

where TR; is transfer payments, and T; is tax.

Government
The government issues debt and imposes taxes on labor and interest income (on
assets). Tax revenues are allocated to government expenditures, transfers, and
interest payments on the debt. The government budget constraint is defined as:
Gt + TR + 7By = Bey1 — By + 1, (WN +14;) (13)
and by substituting (9):
G¢ + TR, + vBy = Byyy — By + 7 [WN + r(K; + B + PRMTL, +
LAND, +TD,)]
where, G, is per capita government expenditures, and B, is per capita government
debt.

(14)

The Stationary Form of The Model
It is necessary to convert the model to a stationary (non-growing) form by dividing

~ Wt Ct ~ a G
equations by Y;. For this purpose, letk ==t w == =L a="Ly==2 b=
Yt Y’ Yy T T
PM; LAND D, _ A
,prmtl ,land = Ltd =— a==
Yt (G Y Y

In the analysis, it is focused on an equilibrium where Y, Ty, B¢, and A; grow
at the rate of g. Then, the stationary form of the model is rewritten as follows.
The optimization problem of households after being divided by Y; (i.e., stationary
form) and applying a proportional tax takes the following form:

Yon(1—u) Z[ﬁ(l 4 g)n(l—u)]t (5;7{’%_”)(1—@
o 1-w
subjectto ¢ + (14 g)a < (1 +1)a; +we,(1—4¢) +x (16)

max
{ee et }

o, €0 (15)
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6=200<¢<1a=0t=>0 (17)
The government budget constraint becomes:
yt+tx+rb=(1A+g)b—>b

weN + 1K, (18)
+7, [T +r(b + prmtl + land + td)]
t
and since WN + rk = 1 — 6k:
y+x+rb=(Q+g)b—->b (19)
+ 1[1 = 6k + (b + prmtl + land + td)]
The condition of asset market equilibrium is as follows:
a=k+b+prmtl+ land + td (20)
Equations (5) and (6) are rewritten as:
0
- _ 21
r 7 6 (21
)
= 22
1 Y (22)
where k and W denote their ratios to output, i.e., k = ?, and W = %
t t

Using Equation (7), zK_ztv’ and then k = % can be expressed as a function of 7.
t t

Further, by using Equation (8), WTtN can also be represented as a function of r by:
t
& 23
=y, " Kk(r (23)

— =) (24)

Now, solving the optimization problem and calculating the first-order
conditions are discussed. However, there are inequality constraints in the model,
making the optimization problem much more difficult. The penalty functions
transform constrained problems into unconstrained ones by introducing a penalty
for constraint violations. Therefore, the inequality constraints are incorporated into
the objective function as follows:
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R0

E ;(3(1 + g)n(l—u))t {W + %{(min(dt, 0)3

(25)
+ min(1 — 4, 0)3)} ldo, 60]

where { is positive, and if @, <0 and £, > 1, —{a@; and —{(1 —¢,)3 are
subtracted from the consumer’s value function, respectively, and have adverse
effects.
The Bellman equation reads as:
(517[1—11)(1—11)
(11—

+ min(1 —4,0)3] + B(1 + g)"O"W E[V(a’,e")|a, e]}

+ 3 {[min(d, 0)3

1% ~’ — Y’?(l_ﬂ)
@e) = max Yo

(26)

Therefore, the decision rules c(x, i), x" = a(x, i), and £(x, i) that satisfy the
following first-order conditions (FOCs) can be calculated by:
n(1+ g)e(x, Y1710, )P = B(1 + g)1 M3y ; (1 +
7). (e, HTA=W7Le(x!, HA-MA1 4 ¢(min(a(x, i), 0))?}
(1 —n)c(x, )MA=Wp(x, ) A-M-w-1 (28)
= nwe(i)c(x, )NA=W~1p(x, i)A-mA-w)
+ ¢min(1 — £(x, i), 0)?

)+ 1+ galxi)=1+Px+we@)(1—2(x,0)+x (29)
fori =1,..,mand x € [0, X4, ], Where e(i) is the productivity level in state i. If
c(x,1) in (29) is substituted into (27), and the solution for £(x, i) is calculated by
Newton’s method [that is, €*(x, i; @)], then the FOCs (27)-(29) can be written in
terms of the residual as follows:

R(x,i; @) = n(1 + g)c(€*(x, i; )" TP 1% (x, i; @) DI — B(1 +
g {Zj mn(1+ (30)
7.c(e @Ce, 0, ;)" 7 e @, 1),5; ) PR + ¢ min(a(, 1), 0%

27)

and by rewriting it:

. 1_
R(x,i; @) = n(1+ g) {nv_ve?i)

}(l_")“_’” (e + (1 +Px— (1 +

(31)
Qalx,i) + ny ™+ — (1 + g)"W {Zj mn(1+
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D T (el + (L + Pt - (1+ alale ) +

On}* + {(min(a(x, i), 0))2}

Then, a(x,i) should be approximated (a™(x,i)) in such a way that
R(x,i; a™) approaches zero for all x,i. Weighted residual methods' get the
residual close to zero in the weighted integral case. This task is done by the FEM?
as a piecewise application of the weighted residual method (McGrattan, 1999)°. It
is assumed that a"*(x, i) is defined as a weighted sum of linear basic functions on
the element [x,, Xo41]:

ah(x' )= lpéNe(x) + lpé+1Ne+1(x) (32)
N,(x) = FXet1 =X Nyt (x) = KT Xe 33
¢ Xet+1 — Xe ' e+t Xe+1 — Xe (33)

By setting the following weighted residual to zero, the problem is solved,
and the coefficients ¥} are found:
[R(x,i; a®).N,(x).dx=0, i=1...m e=1,..,n (34)
Here, the Galerkin method is used, where the set of weight functions is the
same as the basic functions.

Invariant Distribution of Assets

To calculate equilibrium prices (r and w), it is necessary to construct a stationary
distribution. The solution to the household’s optimum savings problem is a policy
function x" = a(x, i), that induces a stationary distribution across households of
H(x,i)* (Ljungqvist and Sargent, 2018: 792). Therefore, this distribution can be
derived from the decision rule for asset holdings.’

!, In this method, the approximate solution to the functional equation is defined as a linear
combination of certain basic functions. The objective is to compute the basic function coefficients
to approximate the solution. A weighted integral of residual is set to zero to find the coefficients
(McGrattan, 1999).

2, The finite element method is a piecewise application of the weighted residual method. In the
method, first, the domain must be subdivided into non-intersecting subdomains called elements.
Because the method relies on fitting low-order polynomials on subdomains of the state space
instead of high-order polynomials on the entire state space and the result is a sparse system of
equations. Finally, the local approximations are gotten together to have a global approximation
(McGrattan, 1996; 1999).

3. An excellent reference for these methods (i.e., projection methods) is McGrattan (1996; 1999).
4 x = a 1(x',i) is constructed from x' = a(x, ).

3. In general, it is assumed that an individual’s state consists of his current assets’ holdings, a €
[g, E], and his current productivity level, A € A = {/1', j=1.., n}. Hence a member of the state is
(a,M) eSS = [g, H] x A. In addition, suppose that the next period’s asset holdings are given by a’ =
a'(a, 1), while the next period’s productivity level is governed by a first-order Markov chain with
probability transition matrix P. The element of P that gives the probability of getting A" next period
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To calculate the stationary distribution, H(x, i) = Pr(x; < x|e; = e(i)), the
following functional equation is solved:

m
Hyr () = Z 1y Ho (@2, 1), 0).1(x' = a(0,1)) (35)
i=1
and if it is assumed H, = H,,,, the functional equation for the stationary
distribution is:
m
H(',j) = Zﬂi,j-H(a‘l(x’. D,D.1(x" = a(0,1)) (36)
i=1

where I is an indicator function to apply borrowing constraint, so if x" > a(0, i),
it is equal to one and otherwise is equal to zero.

Equilibrium

A stationary equilibrium is a policy function a(x,i), a stationary distribution
H(x, i), aggregate hours N, prices r, w, and mean asset holdings E (d;). So far, it
is assumed that a(x,i) and H(x, i) have been calculated. Then, an algorithm for
calculating the interest rate and total hours is presented. First, a guess is considered
for N, which is derived from the following model:

N _ 1
- a-n 5
1+7[n(1_;y)”(1_9)].(1—y—6%) (37)

Then, an interval for the equilibrium interest rate as [ry, 1] is considered
(according to the real rate of return of the economy), and the initial guess for the

. . Tri+rT
interest rate is %

Also, the proportional tax rate is derived from the government budget constraint as

follows:

y+x+(r—g)b
T, = — (38)

1—8m+r(b+prmtl+land+td)

The after-tax interest rate and the after-tax wage rate are calculated as:
= (1 — Ty)T' 39)

given A today is denoted by m(1'|1) or p; ; = Prob (A’ = /1j|l = li). The stationary distribution is
F(a, 1), that satisfies:

F(a', 1) = Z TV |D)F (@1, 1), D)

AEA
for all (a’A") € S. To compute the statiorfary equilibrium, it can either compute the distribution
function, F(a, A1), or the density function, f(a, A). Note that for these calculations, it is necessary
to have an approximation of the decision rule for savings, a'(a, 1) (Kopecky, 2007).
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w(r
W= (1-r) A (40)
Now, we can calculate the mean asset holdings E'(d;) as follows:
1 - —
E@) =5 ) ) (A +1) — AN+ 1) +x() @1)

j

In these models, for a given interest rate r, there are two interpretations for
the mean. First, it is the average asset held by an agent (across time). Second, it is
the average asset held by the total economy [average across agents indexed by
(x, e)]. The basis of what is called the ‘Bewley models’ is to make r an equilibrium
object that adjusts to set E (@) equal to a particular value (Ljungqvist and Sargent,
2018: 790). The value to which E(d;) must be equated through an appropriate
adjustment of 7 is:

a= r% + b + prmtl + land + td (42)

Therefore, it should be checked until the markets clear; i.e.,

E(@,) =—=+b+prmtl + land + td (43)

Thus, if the right side of Equation (43) is more than the left side, thenr; = r
is set, and otherwise, 1;, = r is set. Iterations will continue until Equation (43) is
satisfied. Then, the estimate for N will be updated.

Finally, the welfare criterion has been used to investigate the effect of increment
in the debt level on welfare:

Q=Y"" [[V(a,e).dH(a,e) (44)
where, V(a, e) is the optimum value function, and H(a, e) is the invariant joint
distribution of assets and productivity. Indeed, the welfare gain at the current debt
ratio is set equal to zero, and the welfare gain or loss of being in the other debt
ratios is measured compared to the current ratio in terms of consumption.

Parameterization of the Benchmark Model

In this section, the model was calibrated to the Iranian economy for the 1992-2020
period'. In the model, one time period is considered one year. The parameter values
are presented in Table 2. In calibration, the parameter values can be obtained from
previous research or estimated from data (Kydland and Prescott, 1996). The

!. Most of the computation is based on runs of Fortran code with Visual Studio 2012 and Intel
Fortran Compiler version 2015.
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estimation and calculation procedures, and the source of each parameter are
described in Table 2’s footnote. Since the estimation of productivity parameters
requires further explanation, the calculation method is elaborated as follows.

One important category of parameters pertains to the idiosyncratic
productivity shocks of each agent. The stochastic process for e; is specified
as In(e;), which is assumed to be an AR(1) process, with a serial correlation
coefficient p and a standard deviation o. These parameters for idiosyncratic
productivity are estimated using panel data on individual ages. However, in
developing countries including Iran, the Household Expenditure and Income
Survey (HEIS) are collected cross-sectionally, and it is not possible to access panel
surveys. Therefore, it is necessary to use pseudo-panel methods for studying
individual income dynamics. According to Deaton (2019: 116—-117), the survey
data of the Statistical Centre of Iran has been used to follow the individual’s
cohorts over time for calculating the average earnings, where cohorts are defined
by the date of birth.! These averages relate to the same group of people, and
subsequently have many properties of panel data. Then, the annual average of
individual labor incomes® of seven cohorts was extracted for the time series of
2001 to 2020. These nominal values were weighted by the consumer price index
(CPI) to get real income. Finally, the individual income process is estimated, and
the average of cross-sectional coefficient estimates is calculated (p and o). Then,
Tauchen’s (1986) method is used to approximate the first-order auto-regression
of In(e;) with a Markov chain with seven states. Thus, there are the values of the
seven states and a matrix of probability transition denoted by m as the Markov
process parameters. The parameters are obtained by running the codes in
MATLAB.

!, For instance, for the cohort born in 1976, who turned 25 in 2001, we used the 2001 survey data
to calculate the average earnings of 25-year-olds, and the result is recorded as the first point.
Subsequently, we calculated the average earnings of 26-year-olds from the 2002 survey and the
second point is obtained. The rest of the points comes from the other surveys, monitoring the cohort
born in 1981 through the 20 surveys until they are last observed at age 44 in 2020 and then first
cohort is completed. The same process is followed for seven cohorts, born in 1976, 1971, 1966,
1961, 1956, 1951, and 1946.

2. The labor incomes are calculated by summing up the following items, which are available in the
Household Expenditure and Income Survey of Iran: gross monetary income from wages and
salaries of government and private sectors, monetary income from non-agricultural freelance
occupations, miscellaneous monetary incomes (pensions and unemployment benefits), gross
monetary income from wages and salaries of the cooperative sector.



Table 2. Benchmark Model Parameter Values and Sources

Parameter Symbol Source Value
Capital's share of output 0 Esmailipour Masouleh, Shirinbakhsh and Ebrahimi (2018) 0.39000
Discount factor B Research finding! 0.99566
Capital depreciation rate ) Ostadzad and Behpour (2014) 0.05100
Preferences parameter (The share of consumption) n Research finding? 0.26432
Coefficient of relative risk aversion u Komijani and Tavakkolian (2012) 1.50000
Government consumptions-to-GDP ratio Y Research finding? 0.25767
Growth of per capita GDP g Research finding* 0.01199
Debt-to-GDP ratio b International Monetary Fund (IMF)? 0.39530
Transfer payments-to-GDP ratio X Research finding® 0.01923
Total hours for.the major groups of economic ac.t1v1ty divided by N Research finding” 026059
the 10-+population (2013-2018) and 15+population (after 2019)

Persistence of idiosyncratic productivity p Research finding 0.42000
The volatility of idiosyncratic productivity shocks o, Research finding 0.10000
Real return r Research finding ® 0.02635
Precious metals to GDP prmtl Iranian Central Bank’s Economic Accounts Office’ 1.19600
Land to GDP land Iranian Central Bank’s Economic Accounts Office!” 3.39497
Term deposits to GDP td Central Bank of Iran!! 0.64926
Proportional income tax Ty Research finding!? 0.31702

1 1

B = P TCEn= e (Source: derived from the model);

-1

n=1+1-1) N(l_N)(l_g) , (Source: derived from the model);

[1-r-0i
. Government consumptions = Public consumption expenditures + Public sector gross fixed capital formation, 1992—-2020 (Source: National Account of Iran);
. The average growth rate of per capita GDP (constant 2015 prices), 1992—-2020 (Source: National Account of Iran);
. The ratio of central government debt to GDP, 2020;
. Transfer payments = Sum of subsidies and grants, 2000—2020 [Source: Government Financial Statistics (GFS) (2000-2016), and Annual Budget Law (2017-2020)];
. Source: Statistical Centre of Iran (SCI), Labor Force Census Plan, 2005-2020;
. The average growth rate of GDP (constant 2016 prices), 1992—2020 (Source: National Account of Iran);
. Precious metals (gold and gold coins) to GDP ratio, 2020 (Source: National Balance Sheet of Iran);
10, Land (the value of land under residential and nonresidential units, and agricultural and forest lands) to GDP, 2020 (Source: National Balance Sheet of Iran);
' Short-term and long-term deposits to GDP ratio, 2020;
2 7 = Y+x+(r-g)b

Y 1—6%+r(b+prmtl+td)

© ® 9 N W» AW

, (Source: derived from the model);
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In the next section, the findings for the benchmark parameters are described.
In Section 6, the robustness of the results to changes in the & and 0 values in the
estimated ranges, and calculations in different databases and studies, is discussed.
These parameters could potentially influence the results.

Result and Discussion

The main findings of this study are presented in Figure 1. The figure for the
“benchmark case” shows the plots of the welfare gain, the interest rates, the
proportional tax rate, and total hours versus the debt ratio for the benchmark
parameters. According to the welfare gain plot, the optimum quantity of debt is
significantly negative, and the welfare gain (measured as a percent of per capita
consumption) from moving to the optimum is about 2.66% of per capita
consumption, which is a significant amount. Thus, the negative role that debt plays
in the model (i.e., crowding out private capital) is more than the positive role of
enhancing liquidity. The optimal interest rate (i.e., 2.53%) is lower than the interest
rate at the current value of the debt/GDP ratio (i.e., 2.63%). The optimal tax rate
(i.e., 28.89%) is also lower than its current value of 31.7%. The negative optimal
debt ratio implies that it is efficient for the private sector to spend, because
government spending is consumption spending, whereas private sector spending is
in the form of investment, which increases production and total consumption, and
ultimately increases welfare. Indeed, the level of public debt prevents investment
and growth through a ‘crowding out’ channel.

The optimum quantity of government debt can be negative in the long run,
although it is not observed in the long historical data. In other words, it is optimal
that the government accumulates assets in the long run, so that all government
expenditures are financed through the interest income of private assets, without
resorting to distortionary taxes.

One significant difference in the results of the current study compared to
other studies is that the optimal debt ratio in Iran is much lower and more negative.
This is because in this study, the idiosyncratic wage risk has been set based on the
calculations using the survey data of Iran: p=0.42, ce = 0.1, indicating lower wage
risk compared to other studies such as Aiyagari and McGrattan (1994, 1998) (p =
0.6, oe = 0.3), Flodén (2001) (p = 0.9, oe = 0.21), and Nakajima and Takahashi
(2017) (p = 0.9, oe = 0.1754). Indeed, households face lower wage risk and the
insurance role of government debt decreases in our study. Therefore, the optimal
quantity of debt becomes lower and more negative compared to other studies.
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Although the debt-to-GDP ratio of —420% maximizes the welfare, it seems
challenging to achieve this ratio in reality, given that the current ratio is around
39.35% in Iran and is still increasing. However, Figure 1 demonstrates that
decreasing the debt-to-GDP ratio from 39.35% to zero results in a significant
increase of per-capita welfare (i.e., around 0.47%). Therefore, transitioning to the
debt-to-GDP ratio of zero would be an immediate and feasible goal to enhance
efficiency in present-day Iran.
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Robustness of the Results

This section examines the robustness of the primary analysis results to changes in
some parameters: the capital depreciation rate 6 and capital’s share of output, 6.
These parameters change in the range of estimates and calculations in different
databases and studies. It is also examined how the results change when precious
metals, land, and term deposits are excluded and households hold only government
debt and capital as in Aiyagari and McGrattan (1998). The benchmark and new
parameter values are listed in Table 3. The parameters could potentially influence
the results. As presented in the last rows of Table 3, the results are similar to the
results of the benchmark model parameters, and in any case, the negative effect of
debt is significant. The results are also presented in Figure 1. Therefore, similar to
the studies of Aiyagari and McGrattan (1998) under a calibration with a higher
interest rate than the benchmark for the United States and Nakajima and Takahashi
(2017) under their benchmark calibration for Japan, our findings showed that
having positive government assets is optimal. In comparison with the studies
conducted in Iran regarding the calculation of the optimal debt ratio, the current
study has utilized a model that incorporates Iran’s specific conditions, leading to
results indicating a significant gap between the current debt ratio and the optimal
ratio. Furthermore, considering the fourth scenario (prmtl, land & td=0), it can be
noted that if the excessive asset holding by households is restricted (e.g., through
policies such as imposing taxes on holding these assets, developing financial
markets that will lead to a reduction in borrowing constraints, etc.), the welfare
loss from maintaining the current level of debt instead of the optimal quantity
decreases in comparison to other scenarios.



Table 3. Changes in parameter values relative to Benchmark Case

Parameter symbol Benchmark 6 =0.040752 6 =0.42! prmttl(,ll_;:)nd &

0 0.39000 0.39000 0.42000 0.39000

4 0.99566 0.99551 0.99585 0.99727

6 0.05100 0.04075 0.05100 0.05100

n 0.26432 0.26733 0.26467 0.28197

u 1.50000 1.50000 1.50000 1.50000

Y 0.25767 0.25767 0.25767 0.25767

g 0.01199 0.01199 0.01199 0.01199

b 0.39530 0.39530 0.39530 0.39530

X 0.01923 0.01923 0.01923 0.01923

N 0.26059 0.26059 0.26059 0.26059

p 0.42000 0.42000 0.42000 0.42000

O¢ 0.10000 0.10000 0.10000 0.10000

R 0.02635 0.02635 0.02635 0.02635

prmtl 1.19600 1.19600 1.19600 0.00000

land 3.39497 3.39497 3.39497 0.00000

td 0.64926 0.64926 0.64926 0.00000

Ty 0.31702 0.34369 0.32421 0.37513

Optimal debt to GDP ratio -4.20 -5.10 -4.30 -2.25

Welfare Gain in terms of Consumption (%) 2.65579 3.76014 2.44603 0.13467

Source: Research finding.

!, Komijani and Tavakkolian (2012).
2, Using the weighted ratio of fixed capital consumption to capital stock (of machinery and buildings) (constant 2015 prices), 2011-2020, (Source: Research
finding).
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Conclusion and Recommendation
The purpose of the present study has been to investigate the government debt ratio
and its impacts on welfare for Iran’s economy. Since households in Iran cannot
easily access bank loans in times of necessity, they consistently save a significant
portion of their income as precautionary savings. This excessive saving is imposed
on households’ budgets due to borrowing constraints. Therefore, the appropriate
model for calculating the optimal debt level is an Aiyagari (1994)-style model,
which has been extended according to the economic and social conditions of Iran.
Indeed, given that Iran’s economy faces high inflation in addition to borrowing
constraints and due to the absence of taxes on asset holdings, Iranian households
prefer to hold assets such as gold, land, and term deposits, in addition to
government debt and physical capital, for precautionary savings purposes.
According to the welfare criteria, the optimum quantity of debt is
significantly negative, and the welfare gain (measured as a percent of per capita
consumption) from moving to the optimum is about 2.66% of per capita
consumption. Furthermore, the results of assessing the resilience of the primary
findings with respect to specific parameters resemble those of the benchmark
parameterization. These findings indicate that the negative effect of debt in the
model (i.e., crowding out private capital) is more than the positive effect (i.e.,
enhancing liquidity). The negative optimal debt ratio implies that it is efficient for
the private sector to spend. As a result, increasing private sector spending will
improve welfare, while limiting government spending and maintaining positive
government assets are optimal. It should be noted that although a high negative
debt-to-GDP ratio maximizes the welfare, it seems challenging to achieve this ratio
in reality, considering that the current ratio is around 39.35% in Iran and is still
increasing. However, the results show that a decrease in the debt-to-GDP ratio
from the current level to zero results in a significant increase of per-capita welfare
(around 0.47% of per capita consumption). Hence, transitioning to the debt-to-
GDP ratio of zero would be an immediate and feasible goal to enhance efficiency
in present-day Iran. Therefore, it is optimal that the government accumulate assets
in the long run, so that all government expenditures are financed through the
interest income of private assets, without resorting to distortionary taxes.
Furthermore, if through policies such as imposing taxes on holding the risk-free
assets, and by developing financial markets to reduce credit constraints, the
excessive asset holdings by households are restricted, the welfare loss from
maintaining the current level of debt instead of the optimal quantity will decrease.



Optimum Public Debt in Iran... 660

Statements and Declarations
- Funding: This work does not receive any funding.
- Conflict of interest: The authors declare that there is no conflict of interest.

References
Abbasian, E., & Nouri, R. (2007). Ricardian Equivalence Test in Iran. Journal of
Economic Research, 79, 171-198. Retrieved from

https://www.magiran.com/paper/468166.

Aiyagari, S. R. (1994). Uninsured Idiosyncratic Risk and Aggregate Saving. The
Quarterly Journal of Economics, 109(3), 659-684. Retrieved from
https://doi.org/10.2307/2118417 .

Aiyagari, S. R., & McGrattan, E. R. (1998). The Optimum Quantity of Debt.
Journal of Monetary Economics, 42(3), 447-469. Retrieved from
https://doi.org/10.1016/S0304-3932(98)00031-2 .

---------- (1994). The Optimum Quantity of Debt. Working paper 538, Federal
Reserve  Bank of Minneapolis, Retrieved from Retrieved from
https://ideas.repec.org/p/fip/fedmwp/538.html.

Barro, R. J. (1974). Are Government Bonds Net Wealth? Journal of Political
Economy, 82(6), 1095—-1117. Retrieved from https://www.jstor.org/stable/1830663 .

Bewley, T. (2007). General Equilibrium, Overlapping Generation Models, and
optimal Growth Theory. Harvard University Press.

Deaton, A. (2019). Econometric Issues for Survey Data. In The Analysis of
Household Surveys: A Microeconometric Approach to Development Policy.
Washington, DC: World Bank. Retrieved from
https://openknowledge.worldbank.org/handle/10986/30394.

Esmailipour Masouleh, E., Shirinbakhsh, S., & Ebrahimi, I. (2018). The Monetary
Policy Compatible with Iran’s Oil Economy with the BVAR-DSGE Approach.
Iranian Journal of Trade Studies (IJTS), 22(87), 124—162. Retrieved from
https://www.sid.ir/en/journal/ViewPaper.aspx?1d=692854.

Einian, M. (2015). Financial Inclusion in Iran: A Comparison Based on The Basic
Criteria of The Group of 20. Monetary and Banking Research Institute (MBRI),
MBRI-PN-94017.

Farzinvash, A., & Farahbakhsh, N. (2011). Testing Twin Deficits Hypothesis in
Iran. Journal of Macroeconomics (Journal of Economics Sciences), 6(11),
125-148. Retrieved from
https://www.sid.ir/en/journal/ViewPaper.aspx?1d=214882.


https://www.magiran.com/paper/468166
https://doi.org/10.2307/2118417
https://doi.org/10.1016/S0304-3932(98)00031-2
https://ideas.repec.org/p/fip/fedmwp/538.html
https://www.jstor.org/stable/1830663
https://openknowledge.worldbank.org/handle/10986/30394
https://www.sid.ir/en/journal/ViewPaper.aspx?id=692854
https://www.sid.ir/en/journal/ViewPaper.aspx?id=214882

661 Iranian Economic Review, Volume 30, Issue 2, 2026

Fathalizadeh, M. (2016). Assessing the Iranian Fiscal Sustainability in Past and
Future through Tax Side of the Economy. Iranian Economic Review, 20(2), 187-
201. Retrieved from https://doi.org/10.22059/ier.2016.58798 .

Flodén, M. (2001). The Effectiveness of Government Debt and Transfers as
Insurance. Journal of Monetary Economics, 48(1), 81-108. Retrieved from
https://doi.org/10.1016/S0304-3932(01)00064-2 .

Gospodinov, N., & Lkhagvasuren, D. (2011). A New Method for Approximating
Vector Autoregressive Processes by Finite-State Markov Chains. MPRA Paper
33827, University Library of Munich, Germany. Retrieved from
https://mpra.ub.uni-muenchen.de/33827/.

Gudarzi Farahani, Y., Khalili Araghi, M., Gourji, E., & Barkhordari, S. (2020).
Behavioral Pattern of Heterogeneous Agent and Optimal Monetary Policy for
Solving Heterogeneous Expectation Model. lranian Journal of Applied Economic
Studies, 7(32), 19-47.

Hafezi, B., & Amir Yousefi, K. (2008). The Effect of Budgetary Deficit on Saving
in Iranian Economy: Testing the Ricardian Equivalence. Quarterly Journal of
Economic Research and Policies, 15(44), 51-82.

Hoseiny, S. A., Vaez Barzani, M., Bakhshi Dastjerdi, R., & Parvardeh, A. (2018).
Calibration of Precautionary Saving Models for Iran Economy. Quarterly Journal
of Applied Theories of Economics, 5(3), 213-238.

Hoseiny, S. A. (2012). Analysis of the Effects of Positive Monetary Interest Rate
on Optimality and Sustainability (By an Emphasis on the Precautionary Savings
Models) (Unpublished Doctoral Dissertation). University of Isfahan, Iran.

International Monetary Fund. (2021). Central Government Debt (Percent of GDP).
Retrieved from
https://www.imf.org/external/datamapper/CG_DEBT_GDP@GDD/CHN/FRA/D
EU/ITA/JPN/GBR/USA?year=2021.

Jafari Yansari, F. (2015). Relationship between Private and Public Savings;
Ricardian Equivalence Test in Iran (Master’s Thesis). University of Mazandaran,
Mazandaran.

Jeyhoontabar, F. (2016). Experimental Study of Debt Illusion in Iranian Economy
Using ARDL Approach. Journal of Applied Economics Studies in Iran, 5(20),
151-172. Retrieved from https://dx.doi.org/10.22084/aes.2016.1670.

Khosravi, M., Azarbayjani, A., & Nadri, K. (2019). Precautionary Saving in Iran
Incomplete Financial Markets: Heterogeneous Agent Model Approach. Economic
Strategy, 8(31), 117-148.

Komijani, A., & Tavakolian, H. (2012). Monetary Policy Under Fiscal Dominance
and Implicit Inflation Target in Iran: A DSGE Approach. Journal of Economic


https://doi.org/10.22059/ier.2016.58798
https://doi.org/10.1016/S0304-3932(01)00064-2
https://mpra.ub.uni-muenchen.de/33827/
https://www.imf.org/external/datamapper/CG_DEBT_GDP@GDD/CHN/FRA/DEU/ITA/JPN/GBR/USA?year=2021
https://www.imf.org/external/datamapper/CG_DEBT_GDP@GDD/CHN/FRA/DEU/ITA/JPN/GBR/USA?year=2021
https://dx.doi.org/10.22084/aes.2016.1670

Optimum Public Debt in Iran... 662

Modeling Research, 2(8), 87-117. Retrieved from http://jemr.khu.ac.ir/article-1-
539-fa.html.

Kopecky, K. A. (2007). Computing the Invariant Distribution [Course notes].
Notes on Computing Invariant Distributions of Heterogeneous Agent Models.
Retrieved from https://www.karenkopecky.net/Teaching/eco613614/.

Kordbacheh, M. (2018). Budget and Fiscal Policy Regulation (the Comprehensive
Plan of Economic Studies of Iran). Tehran: Institute for Management and Planning
Studies.

Kydland, F. E., & Prescott, E. C. (1996). The Computational Experiment: An
Econometric Tool. Journal Of Economic Perspectives. 10(1), 69-85.

Ljungqvist, L., & Sargent, T. J. (2018). Recursive Macroeconomic Theory.
Cambridge, MA: The MIT Press. Retrieved from
http://www.jstor.org/stable/].ctt5vjq05.22.

McGrattan, E. R. (1999). Application of Weighted Residual Methods to Dynamic
Economic Models. In R. Marimon & A. Scott (Eds.), Computational Methods for
the Study of Dynamic Economies. Oxford: Oxford University.

---------- (1996). Solving the Stochastic Growth Model with a Finite Element
Method. Journal of Economic Dynamics and Control, 20(1-3), 19—42. Retrieved
from https://users.econ.umn.edu/~erm/research.php.

Ministry of Economic Affairs and Finance (Research and Financial Policy Office).
(2016). Determining the Rule of Government Debt (Ceiling) in Iran.

Mousavinik, S. H., & Bageripormehr, Sh. (2019). Constructing Government Time
Series Debts and Estimating the Optimal Ratio of Government Debt to Gross
Domestic Product and Financial Space in Iran Economy. The Economic
Research, 19(1), 29-51. Retrieved from
https://www.magiran.com/paper/1955026.

Nakajima, T., & Takahashi, S. (2017). The Optimum Quantity of Debt for Japan.
Journal of the Japanese and International Economies, 46, 17-26. Retrieved from
https://doi.org/10.1016/}.j31€.2017.08.002.

—————————— (2022). Uninsured Idiosyncratic Risk and the Government Asset Laffer
Curve. Journal of Macroeconomics, Retrieved from
https://doi.org/10.1016/j.jmacro.2021.103391.

Okamoto, A. (2022). The Optimum Quantity of Debt for an Aging Japan: Welfare
and Demographic = Dynamics.  Discussion  Paper. Retrieved from
http://dx.doi.org/10.2139/ssrn.4224477 .

Ostadzad, A. H., & Behpour, S. A. (2014). New Approach to Calculate the Time
Series of Capital Stock for Iranian Economy: The Recursive Algorithm Method


http://jemr.khu.ac.ir/article-1-539-fa.html
http://jemr.khu.ac.ir/article-1-539-fa.html
https://www.karenkopecky.net/Teaching/eco613614/
http://www.jstor.org/stable/j.ctt5vjq05.22
https://users.econ.umn.edu/~erm/research.php
https://www.magiran.com/paper/1955026
https://www.sciencedirect.com/science/journal/08891583
https://www.sciencedirect.com/science/journal/08891583/46/supp/C
https://doi.org/10.1016/j.jjie.2017.08.002
https://doi.org/10.1016/j.jmacro.2021.103391
http://dx.doi.org/10.2139/ssrn.4224477

663 Iranian Economic Review, Volume 30, Issue 2, 2026

Using Genetic Algorithms (1959-2011). Journal of Economic Modeling Research
(JEMR), 5(18), 141-178. Retrieved from http://jemr.khu.ac.ir/article-1-846-
en.html.

Sadeghi Shahedani, M., Askari, M. M., Mousavian, S. A., & Karimi Rizi, M.
(2020). The Impact of Debt Market Development on the Effect of Monetary and
Financial Policies on Stimulating Private Sector Consumption: Testing the
Ricardian Equality Principle based on the Threshold Effects Approach. Journal of
Securities Exchange, 13(50), 5-26.

Samadi, A. H. (2006). The Twin Deficits Phenomenon in Some MENA Countries.
Iranian  Economic  Review, 11(16), 129-140. Retrieved  from
https://doi.org/10.22059/TIER.2006.30945 .

Tauchen, G. (1986). Finite State Markov-Chain Approximations to Univariate and
Vector Autoregressions. Economics Letters, 20(2), 177-181. Retrieved from
https://doi.org/10.1016/0165-1765(86)90168-0 .

The Law of the Sixth Five-Year Economic, Social, and Cultural Development Plan
of the Islamic Republic of Iran (2017-2021). (2017). Retrieved from
https://www.mporg.ir/FileSystem/View/File.aspx?Mode=Download&Fileld=4ea
225¢9-d938-4aa2-9¢18-8830119a3370.

Trading Economics. (2021). Government Debt to GDP. Retrieved from
https://tradingeconomics.com/country-list/government-debt-to-gdp.

Zamanzadeh, A., Noferesti, M., & Shayesteh Z. (2013). Taxes, Government
Expenditures and Twin Deficits Hypothesis in Iran. Trend of Economic Research,
46(61-62), 75-91.

This article is an open-access article distributed under the terms and conditions of the

Creative Commons Attribution (CC-BY) license.

@ @ Cite this article: Mosaddeghi, E., Bakhshi Dastjerdi, R., & Hoseiny, S. A. (2026).
Optimum Public Debt in Iran: An Emphasis on The Precautionary Savings Model.
Iranian Economic Review, 30(2), 636-663.



http://jemr.khu.ac.ir/article-1-846-en.html
http://jemr.khu.ac.ir/article-1-846-en.html
https://doi.org/10.22059/IER.2006.30945
https://doi.org/10.1016/0165-1765(86)90168-0
https://www.mporg.ir/FileSystem/View/File.aspx?Mode=Download&FileId=4ea225c9-d938-4aa2-9e18-8830ff9a3370
https://www.mporg.ir/FileSystem/View/File.aspx?Mode=Download&FileId=4ea225c9-d938-4aa2-9e18-8830ff9a3370
https://tradingeconomics.com/country-list/government-debt-to-gdp


    Y  t = F (   K  t ,     z  t   N  t )


    Y  t =     K  t  𝜃   (   z  t   N  t )  1 − 𝜃


    Y  t


    K  t


    N  t


  𝜃 ∈ ( 0 ,   1 )


    z  t


  g


    z  t = z   ( 1 + g )  t


    w  t


    r  t


    r  t =   F 1  (   K  t ,     z  t N ) − 𝛿


    w  t =   z  t   F 2  (   K  t ,     z  t N )


    r  t = 𝜃     K  t  𝜃 − 1 (   z  t   N )  1 − 𝜃 − 𝛿 = 𝜃     Y  t    K  t − 𝛿


    w  t =  ( 1 − 𝜃 )     z  t  1 − 𝜃     K  t  𝜃   N  − 𝜃 =  ( 1 − 𝜃 )     Y  t  N


  𝛿 ∈ ( 0 ,   1 )


    𝜏  y


      w -  t


      r -


    r - =  ( 1 −   𝜏  y )  (   F 1  (   K  t ,   z  t N ) − 𝛿 ) =  ( 1 −   𝜏  y ) r


      w -  t = ( 1 −   𝜏  y )   z  t   F 2  (   K  t ,   z  t N ) = ( 1 −   𝜏  y )   w  t


    e  t


  e ∈ {   e 1 ,   … ,     e  m }


    ln e  t = 𝜌   ln e  t − 1 +   𝜀  t ,           𝜀  t ~ N ( 0 ,     𝜎  𝜀 2 )


  E  (   e  t ) = 1


    𝜋  i ,   j ,   i , j = 1 , … , m


    c  t


      l  t


    a  t


      ( c  t  𝜂   l  t  1 − 𝜂  )  ( 1 − 𝜇 )  ( 1 − 𝜇 )


  𝜇


  𝜂


    a 0


    e 0


    t 0


    a  t ≥ 0


    K  t


    B  t


    P R M T L  t


    L A N D  t


    T D  t


    A  t


    A  t =   K  t +   B  t +   P R M T L  t +   L A N D  t +   T D  t


    N = E e  t  ( 1 −  ℓ  t )


     max   {   c  t ,  ℓ  t ,     a  t + 1   } ⁡  E  [   ∑  t = 0 ∞    𝛽  t     ( c  t  𝜂  ℓ  t  1 − 𝜂  )  ( 1 − 𝜇 )  ( 1 − 𝜇 )  |   a 0 ,   e 0 ]


  subject   to           c  t +   a  t + 1 ≤  ( 1 + r )   a  t +   w  t   e  t  ( 1 −  ℓ  t ) +   T R  t −   T  t


    c  t ≥ 0 ,   0   ≤ ℓ  t ≤ 1 ,   a  t ≥ 0 ,   t ≥ 0


    T R  t


    T  t


    G  t +   T R  t + r   B  t =   B  t + 1 −   B  t +   𝜏  y (   w  t N + r   A  t )


    G  t +   T R  t + r   B  t =   B  t + 1 −   B  t +   𝜏  y  [   w  t N + r (   K  t +   B  t +   P R M T L  t +   L A N D  t +   T D  t ) ]


    G  t


    B  t


    Y  t


  k =     K  t    Y  t


    w ~ =     w  t    Y  t


    c ~ =     c  t    Y  t


    a ~ =     a  t    Y  t


  𝛾 =     G  t    Y  t


  b =     B  t    Y  t


  p r m t l =     P M  t    Y  t


  l a n d =     L A N D  t    Y  t


  t d =     T D  t    Y  t


    a - =     A  t    Y  t


    Y  t


    T  t


    B  t


    A  t


  g


    Y  t


     max   {     c ~  t ,  ℓ  t ,       a ~  t + 1   } ⁡  E  [   Y 0  𝜂 ( 1 − 𝜇 )   ∑  t = 0 ∞     [ 𝛽   ( 1 + g )  𝜂 ( 1 − 𝜇 ) ]  t     (   c ~  t  𝜂  ℓ  t  1 − 𝜂  )  ( 1 − 𝜇 )  ( 1 − 𝜇 )  |     a ~ 0 ,   e 0 ]


    subject   to           c ~  t +  ( 1 + g )     a ~  t + 1 ≤  ( 1 +   r - )     a ~  t +   w -   e  t  ( 1 −  ℓ  t ) + 𝜒


      c ~  t ≥ 0 ,   0   ≤ ℓ  t ≤ 1 ,       a ~  t ≥ 0 ,   t ≥ 0


  𝛾 + 𝜒 + r b = ( 1 + g ) b − b +   𝜏  y  [     w  t N + r   K  t    Y  t + r ( b + p r m t l + l a n d + t d ) ]


    w ~ N + r k = 1 − 𝛿 k


  𝛾 + 𝜒 + r b = ( 1 + g ) b − b +   𝜏  y  [ 1 − 𝛿 k + r ( b + p r m t l + l a n d + t d ) ]


    a - = k + b + p r m t l + l a n d + t d


  r =   𝜃  k − 𝛿


    w ~ =   ( 1 − 𝜃 )  N


  k


    w ~


  k =     K  t    Y  t


    w ~ =     w  t    Y  t


      K  t    z  t N


  k =     K  t    Y  t


  r


      w  t N    Y  t


  r


  k =     K  t    Y  t = 𝜅  ( r )


      w  t N    Y  t = 𝜔  ( r )


  E  [   ∑  t = 0 ∞     ( 𝛽   ( 1 + g )  𝜂 ( 1 − 𝜇 ) )  t  {     (   c ~  t  𝜂  ℓ  t  1 − 𝜂  )  ( 1 − 𝜇 )  ( 1 − 𝜇 ) +  1 3 𝜁   ( min ⁡ (     a ~  t ,   0 ) 3 + min   ( 1 −  ℓ  t ,   0 ) 3 ) }  |     a ~ 0 ,   e 0 ]


  𝜁


      a ~  t < 0


   ℓ  t > 1


  − 𝜁     a ~  t 3


  − 𝜁   ( 1 −  ℓ  t ) 3


  V  (   a ~ , e ) =    max   {   c ~ , ℓ ,       a ~ ′ } ⁡    Y 0  𝜂  ( 1 − 𝜇 )  {   (     c ~  𝜂  ℓ  1 − 𝜂  )   ( 1 − 𝜇 )   ( 1 − 𝜇 ) +  1 3 𝜁   [  min ⁡   (   a ~ ,   0 ) 3 + min    ( 1 − ℓ ,   0 ) 3 ] + 𝛽    ( 1 + g )  𝜂  ( 1 − 𝜇 )   E  [  V  (     a ~ ′ ,   e ′ ) |   a ~ , e ] }


  c ( x , i )


    x ′ = 𝛼 ( x , i )


  ℓ ( x , i )


  𝜂  ( 1 + g )   c  ( x , i )  𝜂  ( 1 − 𝜇 ) − 1   ℓ  ( x , i )   ( 1 − 𝜂 )  ( 1 − 𝜇 ) = 𝛽    ( 1 + g )  𝜂  ( 1 − 𝜇 )  {   ∑  j    𝜋  i , j   𝜂  ( 1 +   r - ) .   c  (   x ′ , j )  𝜂  ( 1 − 𝜇 ) − 1   ℓ  (   x ′ , j )   ( 1 − 𝜂 )  ( 1 − 𝜇 ) + 𝜁    (  min ⁡   ( 𝛼  ( x , i ) ,   0 ) ) 2 }


   ( 1 − 𝜂 )   c  ( x , i )  𝜂  ( 1 − 𝜇 )   ℓ  ( x , i )   ( 1 − 𝜂 )  ( 1 − 𝜇 ) − 1 = 𝜂   w - e  ( i )   c  ( x , i )  𝜂  ( 1 − 𝜇 ) − 1   ℓ  ( x , i )   ( 1 − 𝜂 )  ( 1 − 𝜇 ) + 𝜁 min    ( 1 − ℓ  ( x , i ) ,   0 ) 2


  c  ( x , i ) +  ( 1 + g ) 𝛼  ( x , i ) =  ( 1 +   r - ) x +   w - e  ( i )  ( 1 − ℓ  ( x , i ) ) + 𝜒


  i = 1 , … ,   m


  x ∈  [ 0 ,   x  m a x ]


  e ( i )


  c ( x , i )


  ℓ ( x , i )


   ℓ ∗ ( x , i ; 𝛼 )


  R  ( x ,   i ;   𝛼 ) =   𝜂  ( 1 + g )   c (  ℓ ∗ ( x , i ; 𝛼 ) )  𝜂  ( 1 − 𝜇 ) − 1    ℓ ∗ ( x , i ; 𝛼 )  ( 1 − 𝜂 )  ( 1 − 𝜇 ) − 𝛽    ( 1 + g )  𝜂  ( 1 − 𝜇 )  {   ∑  j    𝜋  i , j   𝜂  ( 1 +   r - ) .   c  (  ℓ ∗  ( 𝛼  ( x , i ) , j ; 𝛼 ) )  𝜂  ( 1 − 𝜇 ) − 1 .    ℓ ∗  ( 𝛼  ( x , i ) , j ; 𝛼 )   ( 1 − 𝜂 )  ( 1 − 𝜇 ) + 𝜁    min ⁡   ( 𝛼  ( x , i ) ,   0 ) 2 }


  R  ( x ,   i ;   𝛼 ) =   𝜂  ( 1 + g )    {   1 − 𝜂  𝜂   w - e ( i ) }  ( 1 − 𝜂 ) ( 1 − 𝜇 )    { (   w - e  ( i ) +  ( 1 +   r - ) x −  ( 1 + g ) 𝛼  ( x , i ) + 𝜒 ) 𝜂 }  − 𝜇 − 𝛽    ( 1 + g )  𝜂  ( 1 − 𝜇 )  {   ∑  j    𝜋  i , j   𝜂  ( 1 +   r - )    {   1 − 𝜂  𝜂   w - e ( j ) }  ( 1 − 𝜂 ) ( 1 − 𝜇 )    { (   w - e  ( j ) +  ( 1 +   r - ) 𝛼  ( x , i ) −  ( 1 + g ) 𝛼  ( 𝛼  ( x , j ) , j ) + 𝜒 ) 𝜂 }  − 𝜇   + 𝜁   (  min ⁡   ( 𝛼  ( x , i ) ,   0 ) ) 2 }


  R  ( x ,   i ;   𝛼 ) =   𝜂  ( 1 + g )    {   1 − 𝜂  𝜂   w - e ( i ) }  ( 1 − 𝜂 ) ( 1 − 𝜇 )    { (   w - e  ( i ) +  ( 1 +   r - ) x −  ( 1 + g ) 𝛼  ( x , i ) + 𝜒 ) 𝜂 }  − 𝜇 − 𝛽    ( 1 + g )  𝜂  ( 1 − 𝜇 )  {   ∑  j    𝜋  i , j   𝜂  ( 1 +   r - )    {   1 − 𝜂  𝜂   w - e ( j ) }  ( 1 − 𝜂 ) ( 1 − 𝜇 )    { (   w - e  ( j ) +  ( 1 +   r - ) 𝛼  ( x , i ) −  ( 1 + g ) 𝛼  ( 𝛼  ( x , j ) , j ) + 𝜒 ) 𝜂 }  − 𝜇   + 𝜁   (  min ⁡   ( 𝛼  ( x , i ) ,   0 ) ) 2 }


  𝛼  ( x , i )


    𝛼 h  ( x , i )


  R  ( x ,   i ;     𝛼 h )


  x , i


    𝛼 h  ( x , i )


   [   x  e ,   x  e + 1 ]


    𝛼 h  ( x , i ) =   𝜓  e  i   N  e  ( x ) +   𝜓  e + 1  i   N  e + 1  ( x )


    N  e  ( x ) =     x  e + 1 − x    x  e + 1 −   x  e ,       N  e + 1  ( x ) =     x − x  e    x  e + 1 −   x  e


    𝜓  e  i


   ∫  R  ( x ,   i ;     𝛼 h ) .   N  e  ( x ) . d x = 0 ,                   i = 1 , … , m ,     e = 1 , … , n


  r


  w


    x ′ = 𝛼 ( x , i )


  H ( x , i ) 


  x =   𝛼  − 1  ( x ′ , i )


    x ′ = 𝛼 ( x , i )


  a ∈  [   a _ ,     a ¯ ]


  𝜆 ∈ Λ =  {   𝜆  j ,   j = 1 , … , n }


   ( a , 𝜆 ) ∈ S =  [   a _ ,     a ¯ ] × Λ


    a ′ = 𝛼 ′ ( a , 𝜆 )


  𝜆 ′


  𝜆


  𝜋  (  𝜆 ′ |  𝜆 )


    p  i , j = P r o b  (  𝜆 ′ =   𝜆  j |  𝜆 =   𝜆  i )


  F ( a , 𝜆 )


  F  (   a ′ ,   𝜆 ′ ) =   ∑  𝜆 ∈ Λ  𝜋  (  𝜆 ′ |  𝜆 ) F  (   a ′  − 1  ( a ′ , 𝜆 ) , 𝜆 )


   (   a ′   𝜆 ′ ) ∈ S


  F ( a , 𝜆 )


  f ( a , 𝜆 )


  𝛼 ′ ( a , 𝜆 )


  H  ( x , i ) = P r ⁡ (    x  t < x |   e  t = e ( i ) )


    H  n + 1  ( x ′ , j ) =   ∑  i = 1  m    𝜋  i , j .   H  n  (   𝛼  − 1  (   x ′ , i ) , i ) . I ( x ′ ≥ 𝛼  ( 0 , i ) )


    H  n =   H  n + 1


  H  ( x ′ , j ) =   ∑  i = 1  m    𝜋  i , j . H  (   𝛼  − 1  (   x ′ , i ) , i ) . I ( x ′ ≥ 𝛼  ( 0 , i ) )


  I


  x ′ ≥ 𝛼  ( 0 , i )


  𝛼 ( x , i )


  H  ( x , i )


  E (     a ~  t )


  𝛼 ( x , i )


  H  ( x , i )


  N =  1  1 +    ( 1 − 𝜂 )   [ 𝜂  ( 1 −   𝜏  y )  ( 1 − 𝜃 ) ] . ( 1 − 𝛾 − 𝜃   g + 𝛿  r + 𝛿 )


   [   r  l ,   r  u ]


      r  l +   r  u 2


    𝜏  y =   𝛾 + 𝜒 + ( r − g ) b  1 − 𝛿   𝜃  r + 𝛿 + r  ( b + p r m t l + l a n d + t d )


    r - =  ( 1 −   𝜏  y ) r


    w - = ( 1 −   𝜏  y )   𝜔  ( r )  N


  E (     a ~  t )


  E (     a ~  t ) =  1 2   ∑  j    ∑  i  (   H ^  ( i + 1 , j ) −   H ^  ( i , j ) ) ( x  ( i + 1 ) + x ( i ) )


   ( x , e )


  E (     a ~  t )


  E (     a ~  t )


    a - =   𝜃  r + 𝛿 + b + p r m t l + l a n d + t d


  E  (     a ~  t ) =   𝜃  r + 𝛿 + b + p r m t l + l a n d + t d


    r  l = r


    r  u = r


  Ω =   Y 0  𝜂 ( 1 − 𝜇 ) .  ∬  V  ( a , e ) . d H ( a , e )


    V  ( a , e )


  H ( a , e )


    e  t


  ln ⁡  (   e  t )


  𝜌


  𝜎


  𝜌


    𝜎  𝜀


  ln ⁡  (   e  t )


  𝜋


  𝜃


  𝛽 =  1     ( 1 + g )  𝜂  ( 1 − 𝜇 ) − 1 ( 1 +   r - )


  𝛽


  𝛿


  𝜂 =    [ 1 + ( 1 −   𝜏  y )   ( 1 − N ) ( 1 − 𝜃 )  N  [ 1 − 𝛾 − 𝜃   ( g + 𝛿 )  ( r + 𝛿 ) ] ]  − 1


  𝜂


  𝜇


  γ


  g


  b


  𝜒


  N


  𝜌


    𝜎  𝜀


  p r m t l


  l a n d


  t d


  .     𝜏  y =   𝛾 + 𝜒 + ( r − g ) b  1 − 𝛿   𝜃  r + 𝛿 + r  ( b + p r m t l + t d )


    𝜏  y


  𝜽


  𝜹 = 𝟎 . 𝟎 𝟒 𝟎 𝟕 𝟓 


  𝜃


  𝛽


  𝛿


  𝜂


  𝜇


  γ


  g


  b


  𝜒


  N


  𝜌


    𝜎  𝜀


  p r m t l


  l a n d


  t d


    𝜏  y

